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Hopf-Galois degree p extensions

Preliminaries
Let L/K be a Galois extension of p-adic fields, G := Gal(L/K).

L—0O Noether’s theorem: O, Ok|[G]-free if and
only if L/K is tamely ramified.
G OklGl
In affirmative case, L/K posseses a normal
K Ok integral basis.

More generally, if L/K is H-Galois, one can ask for the freeness
of O, over its associated order in H

QLH:{AGH‘)\OLQOL}.

There is not a general answer.

The study of this question is closely related with the
ramification of L /K.
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Its unique Hopf-Galois structure is K[G],

L——0 where G == Gal(L/K) = (o).
G sk Associated order:
K— Ok QlL/K:{/\G K[G]‘)\OLQOL}.

If L/K is unramified, O is 24, /k-free.
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Introduction n :
Cyclic degree p extensions

Hopf-Galois degree p extensions

Let L/K be a cyclic degree p extension of p-adic fields.

Its unique Hopf-Galois structure is K[G],

L——0 where G == Gal(L/K) = (o).
G sk Associated order:
K— Ok QlL/K:{/\G K[G]‘)\OLQOL}.

If L/K is unramified, O is 24, /k-free.
Let t be the ramification jump of L/K and e = e(K/Qp). Then

pe

1<t< .
=S p
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F. Bertrandias, J.P. Bertrandias, M.J. Ferton (1972):
Complete answer on the freeness of O,.

t=pap+a 0<a<p-1
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F. Bertrandias, J.P. Bertrandias, M.J. Ferton (1972):
Complete answer on the freeness of O,.

t=pap+a 0<a<p-1

e lfa=0,thent= pp% (L/K is maximally ramified) and O,
is A, k-free.

o If adivides p — 1, O is ; k-free. If in addition
t < 2% — 1, the converse holds.
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Hopf-Galois degree p extensions

F. Bertrandias, J.P. Bertrandias, M.J. Ferton (1972):
Complete answer on the freeness of O,.

t=pap+a 0<a<p-1

e lfa=0,thent= pp% (L/K is maximally ramified) and O,
is A, k-free.

o If adivides p — 1, O is ; k-free. If in addition
t < 2% — 1, the converse holds.

o Ift > % — 1 (L/K is almost maximally ramified), O, is
iZlL/K-ﬁee if and only if n < 4, where

t
52[30;31,...,an].
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Cyclic degree p extensions

Hopf-Galois degree p extensions

Let L/K be a degree p extension of p-adic fields with dihedral
normal closure.

L G=(o,7|oP=72=1,070 =7) = D).
G=JxG,Jd= (o), G = (7).
G| L

H
K
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Let L/K be a degree p extension of p-adic fields with dihedral
normal closure.

L G=(o,7|oP=72=1,070 =7) = D).
G=JdxG,J= (o), G = (r).
G| L By Byott uniqueness theorem, L/K has a
H unique Hopf-Galois structure
K H = L[J]°.
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G=JdxG,J= (o), G = (r).
G| L By Byott uniqueness theorem, L/K has a
H unique Hopf-Galois structure
K H = L[J]°.

Associated order: 2, x = {\ € H|\O, C O}.
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Cyclic degree p extensions

Hopf-Galois degree p extensions

Let L/K be a degree p extension of p-adic fields with dihedral
normal closure.

L G=(o,7|oP=72=1,070 =7) = D).
G=JdxG,J= (o), G = (r).
G| L By Byott uniqueness theorem, L/K has a
H unique Hopf-Galois structure
K H = L[J]°.

Associated order: 2, x = {\ € H|\O, C O}.
We shall characterize the 21, k-freeness of O, .
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Z/K has a unique quadratic subextension

M/K. The extension L/M is cyclic of
/ \ degree p.
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Cyclic degree p extensions

Hopf-Galois degree p extensions

Z/K has a unique quadratic subextension

M/K. The extension L/M is cyclic of
/ \ degree p.
L M The extension L/K is always totally ramified.

\ / Equivalently, L/K is totally ramified if and
only if sois M/K.

If M/K is unramified, L/K and M/K are
arithmetically disjoint.

If Z/ K is not totally ramified, then O is 21,k -free if and only if

OZ is QLZ / M—free.
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Let t be the ramification jump of L/K. Then

1<t< 2pe1.
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Let t be the ramification jump of L/K. Then

1<t< 2P

In this situation, t is an odd number. Call ¢ := p“ and write

{=pap+a O0<a<p-—-1.
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Hopf-Galois degree p extensions

Let t be the ramification jump of L/K. Then
2pe

1<t<

In this situation, t is an odd number. Call ¢ := ' and write
{=pap+a O0<a<p-—-1.
We claim:

@ lfa=0,thent= 5%‘? and O is 2 /k-free.

e If adivides p—1, O is 2, k-free. Moreover, if t < 2"6 -2,
the converse holds.

o Ift> 5%? —-2,0, is QlL/K—free if and only if n < 4, where
— :[ao;a1,...,a,,].
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Why ¢ = 2112

G
K

L Cyclic case: G = Gal(L/K) = C,

|
Q
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Hopf-Galois degree p extensions

Why ¢ = 2112

L Cyclic case: G = Gal(L/K) = C,
b G= (o) — K[G] = K[f], f = o — 1

|
Q
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Cyclic degree p extensions

Hopf-Galois degree p extensions

Why ¢ = 2112
L Cyclic case: G = Gal(L/K) = C,
G
K G= (o)== K[G]=KI[f], =0 —1
| Proposition: v, (f- x) >t + v, (x) Vx € Oy,
Qp with equality <= p 1 t.
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Cyclic degree p extensions

Hopf-Galois degree p extensions

Why ¢ = 2112
L Cyclic case: G = Gal(L/K) = C,
G
K G=(0) = K[G] = K[f], f= 0 — 1
| Proposition: v, (f- x) >t + v, (x) Vx € Oy,
Qp with equality <= p 1 t.
I Hopf-Galois case: G = Gal(L/K) = D,
L M
N
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Hopf-Galois degree p extensions

Why ¢ = 2112
L Cyclic case: G = Gal(L/K) = C,
G
K G= (o) = K[G] = K[f], f=0 — 1
| Proposition: v, (f- x) >t + v, (x) Vx € Oy,
Qp with equality <= p 1 t.
I Hopf-Galois case: G = Gal(L/K) = D,
/ \ Ou = Ok[z] =
L M H=K[w],w=2z(c—-0")
N
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Cyclic degree p extensions

Hopf-Galois degree p extensions

Why ¢ = 2112
L Cyclic case: G = Gal(L/K) = C,
G
K G= (o) = K[G|=KI[f], f =0 — 1
| Proposition: v, (f- x) >t + v.(x) Vx € O,
Qp with equality <= p 1 t.
I Hopf-Galois case: G = Gal(L/K) = D,
/ \ OM = OK[Z] —
L M H=K[w],w=2z(c—-0")
H\\ K/ Proposition: v, (w - x) > { + v/ (x) Vx € Oy,

with equality <= p 1 t.
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L/K degree p extension of p-adic fields with dihedral L.
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The case t 2

L/K degree p extension of p-adic fields with dihedral L.

AN
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Criteria for the freeness Non-maximally ramified cases

The case t

L/K degree p extension of p-adic fields with dihedral L.

We assume that a = 0, so t = 225,

AN
L M
N
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

Thecaset > -5 2

L/K degree p extension of p-adic fields with dihedral L.

We assume that a = 0, so t = 225,

/ \ @ M contains a primitive p-th root of unity &.
@ Thereis v € L with v;(7v) = 1 such that

\ / ~P e Op.

@ o(y))=¢~/forevery0 <j<p—1.
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Maximally ramified case
Criteria for the freeness Non-maxima ified cases

The case t 2

L/K degree p extension of p-adic fields with dihedral L.

We assume that a = 0, so t = 225,
/ \ @ M contains a primitive p-th root of unity &.
@ Thereis v € L with v;(7v) = 1 such that

\ / ~P e Op.

@ o(y))=¢~/forevery0 <j<p—1.

Let us define a = y7(7).
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Maximally ramified case
Criteria for the freeness Non-maximall ified cases

Thecaset > ==

L/K degree p extension of p-adic fields with dihedral L.
We assume that a = 0, so t = 225,
/ \ @ M contains a primitive p-th root of unity &.
@ Thereis v € L with v;(7v) = 1 such that

\ / ~P e Op.
@ o(y)=¢~/ forevery0 <j<p-—1.
Let us define a = y7(). Then:
@ vi(o) =1anda” € O.
@ w-of =)ol forevery0 <j<p-1.
@ \jcKforevery0<j<p-—1.
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Criteria for the freeness Non-maximally ramified cases

The case t

@ v (a) =1and af € O.
@ w-of =)ol forevery0 <j<p-1.
@ \jcKforevery0<j<p-—1.
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Maximally ramified case
Criteria for the freeness Non-maximall ified cases

The case t 2

@ v (a) =1and af € O.
@ w-of =)ol forevery0 <j<p-1.
@ \jcKforevery0<j<p-—1.
We find {v,-}f;o1 Ok-basis of 2, /x such that

Vi - Odj = 5,'1'0/.
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Criteria for the freeness Non-maximall ified cases

The case t 2

@ v (a) =1and af € O.
@ w-of =)ol forevery0 <j<p-1.
@ \jcKforevery0<j<p-—1.
We find {v,-}f;o1 Ok-basis of 2, /x such that

Vi - Odj = 5,'1'0/.

Hence they are primitive pairwise orthogonal idempotents of H.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t

@ v (a) =1and af € O.
@ w-of =)ol forevery0 <j<p-1.
@ \jcKforevery0<j<p-—1.
We find {v,-}f;o1 Ok-basis of 2, /x such that
Vi - Odj = 5,-jaj.
Hence they are primitive pairwise orthogonal idempotents of H.

0: H — KP,
1
Vi — 6= (‘5ij)f:o :

is an isomorphism of K-algebras.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t

@ v (a) =1and af € O.
@ w-of =)ol forevery0 <j<p-1.
@ \jcKforevery0<j<p-—1.
We find {v,-}f;o1 Ok-basis of 2, /x such that
Vi - Odj = 5,-jaj.
Hence they are primitive pairwise orthogonal idempotents of H.

0: H — KP,
1
Vi — 6= (‘5ij)f:o :

is an isomorphism of K-algebras.

= 2 /k is the maximal Ok-order in H and O is 2 /i-free.
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Criteria for the freeness Non-maximally ramified cases
Thecaset > 22 _ 2

The lattice 2y

L/K degree p extension of p-adic fields with dihedral L.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases
The case t > {f’% 2

The lattice 2y

L/K degree p extension of p-adic fields with dihedral L.

2
1<t< pe1'
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

»
The case t > D“ii 2

The lattice 2y

L/K degree p extension of p-adic fields with dihedral L.

2
1<t< pe1'

If L=H -0, we define

Wg ={ANeH|XN-0€O,}.
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Maximally ramified case
Criteria for the freeness Non-maximally ified cases

T
The case t > D“ii 2

The lattice 2y

L/K degree p extension of p-adic fields with dihedral L.

2
1<t< pe1'

If L= H -0, we define
Wg ={ANeH|XN-0€O,}.

@ 2y is an Ok-lattice but not a ring in general.
@ 2l x C Ry and Ay is a fractional 2, k-ideal.
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Maximally ramified case
Criteria for the freeness Non-maximally ified cases

T
The case t > D“ii 2

The lattice 2y

L/K degree p extension of p-adic fields with dihedral L.

2
1<t< pe1'

If L= H -0, we define
Wg ={ANeH|XN-0€O,}.

@ 2y is an Ok-lattice but not a ring in general.
@ 2l x C Ry and Ay is a fractional 2, k-ideal.

Write £ = pap + a and denote § = n].
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases
The case t > [ffi 2

Basis of 2y

The lattice 1y has O-basis
—v; iy p—1
{m" Wiy,

where foreach0 <i<p—1,

Vi

L‘”"EJ :iao+L(i+1)ZJ.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

. 2pe
The case t > =i 2

Basis of 2y

The lattice 1y has O-basis
—v; iy p—1
{m" Wiy,

where foreach0 <i<p—1,

Vi

L‘”"EJ :iao+L(i+1)ZJ.

This is a direct consequence from the fact that

viw -0)=a+il, 0<i<p-—1.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases
The case t > % 2

Basis for the associated order

Rl has Ok-basis

—n i~p—1
{TrKnl Wl}fzo 9

where foreach0 <i<p—1,

nj = mino<j<p1-i(Vitj — V).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > % 2

Basis for the associated order

Rl has Ok-basis

—n i~p—1
{TrKnl Wl}fzo 9

where foreach0 <i<p—1,

nj = mino<j<p1-i(Vitj — V).

Note that n; < v; for every 0 < i < p — 1. The equalities hold if
and onIy if Ap = QlL/K-
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases
Thecaset > 22 _ 2

The sequence {v;}o<i<p-1

Some properties of the numbers v;:
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Maximally ramified case
Criteria for the freeness Non-maximall ified cases
The case t > P&

The sequence {v;}o<i<p-1
Some properties of the numbers v;:

—1
o V,D*‘I S —+ L

® vp 1 =e+ B ifandonlyif t > 22 — 2,
° uk+2—uk21forevery0§k§p 3.
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Maximally ramified case
Criteria for the freeness Non-maximall ified cases
The case t > P&

The sequence {v;}o<i<p-1
Some properties of the numbers v;:

1
o Vp—1 < e+ L

® vp 1 =e+ B ifandonlyif t > 22 — 2,
° uk+2—uk21forevery0§k§p 3.

Proof of the third one:
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

o
The case t > D“ii 2

The sequence {v;}o<i<p-1
Some properties of the numbers v;:

—1
o V,D*‘I S —+ L

® vp 1 =e+ B ifandonlyif t > 22 — 2,
@ Vpio— Uk > 1 foreveryogkgp 3.

Proof of the third one:
If a9 > 0, itis trivial. If ag = 0,

_ptt_ptl

2a> 1.
25 — 2a>p+
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Maximally ramified case
Criteria for the freeness Non-maximally ified cases

T
The case t > D“ii 2

The sequence {v;}o<i<p-1

Some properties of the numbers v;:

1
o Vp—1 §e+pT

—1 ; 2pe
@ vp 1 :e+pT|fandonIy|ft2p%1—2.

@ vgp—vk>1forevery0 <k <p-3.
Proof of the third one:
If a9 > 0, itis trivial. If ag = 0,

1
a:%ﬂz% = 2a>p+1.

Then,

a

a 2a
k+3 =
( )p

(k+1)p F>1 — I/k+2—Vk21
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > D“)E“ 2

Sufficient condition for freeness

Since a # 0, L/K is typical in the language of Elder’s 2018
paper.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > D“)E“ 2

Sufficient condition for freeness

Since a # 0, L/K is typical in the language of Elder’s 2018
paper. Therefore it posseses a scaffold of precision

mpe Pptt= P (%5 )
:p<e+%—up_1)+a.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > D“)E“ 2

Sufficient condition for freeness

Since a # 0, L/K is typical in the language of Elder’s 2018
paper. Therefore it posseses a scaffold of precision

mpe Pptt= P (%5 )
:p<e+%—up_1)+a.

Weak condition: ¢ > a.
Strong condition: ¢ > a.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases
The case t > ff"

Sufficient condition for freeness

Since a # 0, L/K is typical in the language of Elder’s 2018
paper. Therefore it posseses a scaffold of precision

mpe Pptt= P (%5 )

Weak condition: ¢ > a.
Strong condition: ¢ > a.

Ifa|p—1, 0y is Uy k-free. If additionally t < 225 — 2, then the
converse holds.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

2pe
The case t > =il 2

Finally, we consider the cases in which

2pe _o<t< 2pe‘

p—1 p—1
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

2pe
The case t > =il 2

Finally, we consider the cases in which

Continued fraction expansion: g = [ag; &, .., an)-
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

Finally, we consider the cases in which

Continued fraction expansion: g = [ag; &, .., an)-

For 0 < i < n, the i-th convergent is % = [ao, ..., aj].
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

2pe
The case t > =il 2

Finally, we consider the cases in which

Continued fraction expansion: g = [ag; &, .., an)-
For 0 < i < n, the i-th convergent is % = [ao, ..., aj].

Qo =1,q1 = a1, Qit2 = @j12Qi+1 + Q.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

Finally, we consider the cases in which

2pe _o<t< 2pe
p—1 -1
Continued fraction expansion: g = [ag; &, .., an)-

For 0 < i < n, the i-th convergent is % = [ao, ..., aj].
Qo =1, a1 = a1, Qir2 = 812Gi+1 + G-
Oy is A /k-free in the following (equivalent) cases:
o n<2.
@a=0oralp-—1.
0 2y =2Ay k.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

Finally, we consider the cases in which

2pe _o<t< 2pe
p—1 -1
Continued fraction expansion: g = [ag; &, .., an)-

For 0 < i < n, the i-th convergent is % = [ao, ..., aj].

Qo =1, a1 = a1, Qir2 = 812Gi+1 + G-

Oy is A /k-free in the following (equivalent) cases:
o n<2.
@a=0oralp-—1.
0 2y =2Ay k.

Let us assume that n > 3.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

The strategy

For 60 = 7}, O is /A /k-free if and only if Ay is A, /k-principal.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

The strategy

For 60 = 7}, O is /A /k-free if and only if Ay is A, /k-principal.
We shall characterize when 21y is 21, /«-principal.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

The strategy

For 60 = 7}, O is /A /k-free if and only if Ay is A, /k-principal.
We shall characterize when 21y is 21, /«-principal.
For o € 2y, we consider the Ok-linear map

Ya: Ay — U,

A — Ao

Let M(«) be the matrix of ¢, (w.r.t. the already known bases).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

The strategy

For 60 = 7}, O is /A /k-free if and only if Ay is A, /k-principal.
We shall characterize when 21y is 21, /«-principal.
For o € 2y, we consider the Ok-linear map

Yo Ay — Ay,

A — Ao

Let M(«) be the matrix of ¢, (w.r.t. the already known bases).
o is an 2, /-generator of 2y if and only if

det(M(«)) # 0 (mod pk).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

The strategy

For 60 = 7}, O is /A /k-free if and only if Ay is A, /k-principal.
We shall characterize when 21y is 21, /«-principal.
For o € 2y, we consider the Ok-linear map

Yo Ay — Ay,

A — Ao

Let M(«) be the matrix of ¢, (w.r.t. the already known bases).

o is an 2, /-generator of 2y if and only if
det(M(«)) # 0 (mod pg).

—1 — -1 _
a =Pl xgm Wk — M(a) = SP20 xiM(m e wk).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

1 _ _q _
a =300 xkm Wk = M(a) = R0 xieM(m K wk).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

1 _ _q _
a =300 xkm Wk = M(a) = R0 xieM(m K wk).

Denote M(r " wk) = (M,(lf)), i=0°
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

a = Pl xem Wk = M(a) = P28 xiM (e wk).
Denote m (M/(’f))ll 0

We are interested in determining when ﬁj(-l;) =0.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

a =Rl xem Wk = M(a) = S P70 xkM(rkwk).

Denote M(m, " wk) = (zi{))P: .

We are interested in determining when ﬁj(-l;) =0.

This is closely related with the set

E—{heZ‘1§h<p,1§h’<h:>h’2>h2}.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

a =Rl xem Wk = M(a) = S P70 xkM(rkwk).
=Tk ok k

Denote M(m, " wk) = (zi{))P: .

We are interested in determining when ﬁj(-l;) =0.

This is closely related with the set

E = {heZ‘1<h<p,1<h’<h:>h’p>hp}

E is parametrized from the continued fraction expansion of fi,.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

a =Rl xem Wk = M(a) = S P70 xkM(rkwk).
=Tk ok k

Denote M(m, " wk) = (zi{))P: .

We are interested in determining when ﬁj(-l;) =0.

This is closely related with the set

—

E = {heZ‘1<h<p,1<h’<h:>h’p>hp}

E is parametrized from the continued fraction expansion of fi,.
. n—1
E = {3'2,'+2C721+1 +qi|0<i< 5

/
0 < apjyp < @jjpOragie— 1}
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

a =Rl xem Wk = M(a) = S P70 xkM(rkwk).
Denote M(m, " wk) = (zi{))P: .

We are interested in determining when ﬁj(-l;) =0.

This is closely related with the set

—

E= {heZ‘1<h<p,1<h’<h:>h’ >h}
p p
E is parametrized from the continued fraction expansion of fi,.

E= {3’2i+2CI2i+1 +qi|0<i< %7
0< a’2,-+2 < @jj2 OF Apjp — 1}
fn=38E={q.q1+q,---,(a&—1)q1 + qo,q2}.



Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

The M( ) are defined by

—vk—Ni K+ _ Y
Ty w ZM/I Ty wl.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

The M( ) are defined by

—vk—Nj K+ *l/'
koW Z“}I K

Hence,
(1)) = vie( C(w, W) + v — vy —

where C(w/, w¥*') is the coefficient of w/ in the expression of
K+i
wh+1,
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

Foro<i<p-1,wecalh=p-—i.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

Foro<i<p-1,wecalh=p-—i.

Assumethat k+i < p—1.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

Foro<i<p-1,wecalh=p-—i.

Assumethat k+i < p—1.
(1) It j # k + i, then 7} = 0.

]
2) fheE,
1 ifth=p
Ay =1 if (k+1)2 < ha
0 otherwise

(3) Ithe E, my),, = 1.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

Assumethatk+i>p—1andletm=k+i—(p—1).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

Assumethatk+i>p—1andletm=k+i—(p—1).

Call dm = max{d € Z|d even, vm g = vm + <}

(1) If j # 2(mod m), then 7i{y) = 0.

( ) Ifm<p—1andj<morj>m+dm,thenu(k)_0.
3) lfh¢ Eand m<j<m+ dp,

(k) : ~ \a_ ha
M’/i#() if £+ (k+1)5 < h?,
M,(,) =0 otherwise.

(4) Ifhe Eand m < j < m+ dn,
{u,, £0 if 2+ (k+1)2<hd 11,

M,(f) =0 otherwise.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Sufficiency

Proposition
Ifn<4,then O is A k-free.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Sufficiency

Proposition
Ifn<4,then O is A k-free.

Sketch of the proof:
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Sufficiency

Proposition
Ifn<4,then O is A k-free.

Sketch of the proof: Take v = u+ 7, Wk, k = g — 1, u € O.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Sufficiency

Proposition
Ifn<4,then O is A k-free.

Sketch of the proof: Take v = u+ 7, Wk, k = g — 1, u € O.

M(a) = uM(1) + M(m " wk).
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases

The case t > ZLﬁ —2

p—

Sufficiency

Proposition
Ifn<4,then O is A k-free.

Sketch of the proof: Take v = u+ 7, Wk, k = g — 1, u € O.

M(a) = uM(1) + M(m " wk).

1 ity=n
M(1) is diagonal; ﬁl(.s) =0 l)t:erwgza
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Sufficiency

Proposition
Ifn<4,then O is A k-free.

—

Sketch of the proof: Take v = u+ 7, Wk, k = g — 1, u € O.

M(a) = uM(1) + M(m " wk).

o o [1 ifvi=n;
M(1) is diagonal; :“/(',i) - {0 othlerwisl.e

Since Ay # Ak, vi # n; for some /.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

M(a) = uM(1) + M(m " wk).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 —2

M(a) = uM(1) + M(m " wk).

The condition n < 4 allows us to control most of the entries of
M (" wk).
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 -2

M(a) = uM(1) + M(m " wk).

The condition n < 4 allows us to control most of the entries of
M (" wk).

o det(M(a)) = Tdet(M’), M' € Mp_1(Ok /pk).-
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 5%91 —2

M(a) = uM(1) + M(m " wk).

The condition n < 4 allows us to control most of the entries of
M (" wk).

@ det(M(a)) = Udet(M'), M’ € Mp_1(Ok/pk)-
o ﬁw/,i:”"’” <i<p-—k-1.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

M(a) = uM(1) + M(m " wk).
The condition n < 4 allows us to control most of the entries of
M (" wk).
@ det(M(c)) = udet(M'), M’ € Mp_1(Ok/pk)-
o ﬁw/,i:”"’” <i<p-—k-1.

° ﬁf(’jzif(pq)’/;éOforp—kgigp—1.
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

M(a) = uM(1) + M(m " wk).
The condition n < 4 allows us to control most of the entries of
M (" wk).
@ det(M(a)) = Udet(M'), M’ € Mp_1(Ok/pk)-
° ﬁﬁsz”:ﬂoﬂ <i<p-k-1.
° ﬁf(’jz, (p—1), ;#0forp—k<i<p-1.

The only non-zero addend independent of u is
-1
bo = H?:p—k Hkti—(p—1),i-
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

pe
The case t > =il 2

M(a) = uM(1) + M(m " wk).

The condition n < 4 allows us to control most of the entries of
M(ﬂ,}”" Wk).

@ det(M(c)) = udet(M'), M’ € Mp_1(Ok/pk)-

o ﬁﬁﬁ/,i:”o” <i<p-—k-1.

° ﬁg(?if(pfﬂ,i #0forp—k<i<p-1.
The only qon-zero addend independent of u is
bo = [T/ p_k Fikti(p—1).i"

= det(M(«)) = uP(u), P € Ok[x].
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Maximally ramified case
Criteria for the freeness Non-maximally ramified cases

The case t > 2”9 —2

M(a) = uM(1) + M(m " wk).

The condition n < 4 allows us to control most of the entries of
M(r, " wh).

@ det(M(a)) = Udet(M'), M’ € Mp_1(Ok/pk)-

o ﬁﬁsz”:ﬂoﬂ <i<p-—k-1.

° ﬁf(’jz, (p—1), ;#0forp—k<i<p-1.
The only non-zero addend independent of u is
bo = H?:_;J—k Fikpie(p—1),i-
= det(M(«)) = UP(u), P € Oklx].
deg(P) < p — 2 = det(M(«)) # 0 for some wu.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Necessity

Proposition
Ifn>5, O, is not QLL/K—free.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Necessity

Proposition
Ifn>5, O, is not QLL/K—free.

Sketch of the proof:
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Necessity

Proposition
Ifn>5, O, is not QLL/K—free.

Sketch of the proof: Let a = Y-P~1 x,m, " wk. Call n=2s+2 or
2s + 1.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Necessity

Proposition
Ifn>5, O, is not QlL/K—free.

Sketch of the proof: Let a = Y-P~1 x,m, " wk. Call n=2s+2 or
2s+1.
Consider the i-th column of M(«), where h = p — i takes the
values

h =202,

h=Qos 2+ &gsGes—1+ Gos, 0 < &g < aps.
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Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
The case t > 5%91 -2

Necessity

Proposition
Ifn>5, O, is not QlL/K—free.

Sketch of the proof: Let a = Y-P~1 x,m, " wk. Call n=2s+2 or
2s+1.
Consider the i-th column of M(«), where h = p — i takes the
values

h =202,

h=Qos 2+ &gsGes—1+ Gos, 0 < &g < aps.

These are aos + 2 columns have at most ass + 1 non-zero
elements allocated in the same rows.

Daniel Gil Mufioz Degree p extensions of p-adic fields



Maximally ramified case

Criteria for the freeness Non-maximally ramified cases
2

Thecaset > 2% —2

P

Necessity

Proposition
Ifn>5, O, is not QlL/K—free.

Sketch of the proof: Let a = Y-P~1 x,m, " wk. Call n=2s+2 or
2s + 1.

Consider the i-th column of M(«), where h = p — i takes the
values

h=2Qos_»,
h= Qos—2+ @sGos—1 + Gos, 0 < ahg < as.

These are aos + 2 columns have at most ass + 1 non-zero
elements allocated in the same rows.

— det(M(«)) = 0 (mod pg).
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Consequences

Proposition

If L/K is absolutely unramified (in particular, if K = Qp), then
O is Uy k-free.
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Consequences

Proposition

If L/K is absolutely unramified (in particular, if K = Qp), then
O is Uy k-free.

1<t<— = t=1 or p=3andt=3.
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Consequences

Proposition

If L/K is absolutely unramified (in particular, if K = Qp), then
O is Uy k-free.

1<t<— = t=1 or p=3andt=3.

If p=3and t =3, L/K is maximally ramified.
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Consequences

Proposition

If L/K is absolutely unramified (in particular, if K = Qp), then
O is Uy k-free.

1<t<— = t=1 or p=3andt=3.
If p=3and t =3, L/K is maximally ramified.

_ 2 P
Ift_1,thent>p%—2and£_a_T.
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Consequences

Proposition

If L/K is absolutely unramified (in particular, if K = Qp), then
O is Uy k-free.

1<t<— = t=1 or p=3andt=3.
If p=3and t =3, L/K is maximally ramified.

_ 2 P
Ift_1,thent>p%—2and£_a_T.

£ = [O; 1,1,%} = O is Ay x-free.
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Consequences

Proposition

Let M/K be a ramified quadratic extension of p-adic fields with
&p € M — K and assume that

2
(@) t= p%ﬁ.

(b) 1 <t< 5%?, t is coprime with p and t is odd.
Then there is some field extension E of M such that E/K is a
dihedral degree 2p extension and its ramification jump is t.
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Consequences

Proposition

Let M/K be a ramified quadratic extension of p-adic fields with
&p € M — K and assume that

2
(@) t= p%ﬁ.

(b) 1 <t< 5%?, t is coprime with p and t is odd.
Then there is some field extension E of M such that E/K is a
dihedral degree 2p extension and its ramification jump is t.

Given some ramification parameters, we may choose L/K.
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Consequences

Assume trlat p > 3. There is some degree p extension L/K
such that L/K is weakly ramified and O, is not 2, /-free.

Daniel Gil Mufioz Degree p extensions of p-adic fields



Consequences

Assume trlat p > 3. There is some degree p extension L/K
such that L/K is weakly ramified and O, is not 2, /-free.

Let L/K be suchthatt=1and e > 1.
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Consequences

Assume trlat p > 3. There is some degree p extension L/K
such that L/K is weakly ramified and O, is not 2, /-free.

Let L/K be suchthatt=1and e > 1.

2pe o> 4p

b1 _p_1—2>1, a:TTp—1
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Consequences

Assume trlat p > 3. There is some degree p extension L/K
such that L/K is weakly ramified and O, is not 2, /-free.

Let L/K be suchthatt=1and e > 1.

2pe 4p
- >7— = —_—— —_
b1 2_10_1 2>1, a 5 tp—1

= O is not A, /i-free.
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Consequences

There is some degree p extension L/K of p-adic fields such
that O; is le/M—free but O is not 2, k-free.
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Consequences

There is some degree p extension L/K of p-adic fields such
that O; is le/M—free but O is not 2, k-free.

Let p =13 and choose L/K witht =3, e = 2.
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Consequences

There is some degree p extension L/K of p-adic fields such

that O; is le/M—free but O is not 2, k-free.

Let p =13 and choose L/K witht =3, e = 2.

312 = 0Oyis2A;, free.

/
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Consequences

There is some degree p extension L/K of p-adic fields such
that O; is le/M—free but O is not 2, k-free.

Let p =13 and choose L/K witht =3, e = 2.

312 = 0Oyis2A;, free.

/
3>p5 -2 a=(=8 {=[011112
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Consequences

There is some degree p extension L/K of p-adic fields such
that O; is le/M—free but O is not 2, k-free.

Let p =13 and choose L/K witht =3, e = 2.

3[12 = Opis 2, free.
3>p5 -2 a=(=8 {=[011112

= O is not 2, /i-free.

Daniel Gil Mufioz Degree p extensions of p-adic fields



Consequences

[W F Bertrandias, M. J. Ferton; Sur I'anneau des entiers d’'une
extension cyclique de degré premier d’un corps local (1),
C.R. Acad. Sc., Paris, No. 18 Vol. 274 (1972), 1388-1391.

[§ F Bertrandias, J. P. Bertrandias, M. J. Ferton; Sur I'anneau
des entiers d’'une extension cyclique de degré premier d’un
corps local (ll), C.R. Acad. Sc., Paris, No. 18 Vol. 274
(1972), 1388-1391.

¥ M. J. Ferton; Sur 'anneau des entiers d’extensions
cycliques de degré p et d’extensions diédrales de degré 2p
d’un corps local, PhD thesis, University of Grenoble, 1972.

Daniel Gil Mufioz Degree p extensions of p-adic fields



Consequences

[@ 1. Del Corso, F. Ferri, D. Lombardo; How far is an extension
of p-adic fields from having a normal integral basis?,
Journal of Number Theory, Vol. 233 (2022), 158-197.

[§ G. Elder; Ramified extensions of degree p and their
Hopf-Galois module structure, Journal de Thorie des
Nombres de Bordeaux 30 (2018), 19-40.

@ D. Gil-Mufioz, A. Rio; Induced Hopf-Galois structures and
their Local Hopf-Galois modules, Publications
Matematiques 66 (2022), 99-128.

Daniel Gil Mufioz Degree p extensions of p-adic fields



Thank you for your attention
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